Abstract. Let P(a, n) be the set of all complex polynomials of degree n which have all their roots in the closed unit disk and one fixed root at a, 0 < a < 1. In this paper we show that for n > 3 all critical points of the polynomial f(z) = (z n_1 + l)(z -a) lie outside the set K{a, n) consisting of all b such that for some c the polynomial p(z) = (z -b) n -c belongs to V(a,n). Hence we infer that minimal sets satisfying the Sendov property (i.e. containing at least one critical point of each p 6 V(a, n)) exist but they are not unique.
Introduction
In this paper D(ZQ] r) will denote the disk {z : \z -zo\ < r} and D = D{0; 1) will be the unit disk in the complex plane C.
Over thirty years ago Sendov conjectured that if all the zeros of the polynomial Find a possibly large set which is contained in the disk D{z u ; 1) and does not possess the property mentioned above.
In this paper we describe such a set and we draw some conclusions concerning somewhat more general problem due to Goodman, Rahman and Ratti [4],
Notation and statement of the result
Let V(a, n) be the set of all complex polynomials of degree n which have all their roots in the closed unit disk D and at least one root at a, 0 < a < 1.
A set S will be said to have the Sendov property if it contains at least one critical point of each p E V(a, n). Finally let us remark, that for n -6,8,10 and 12 Miller [6] has shown that the disk D{|, 1 -f), which is larger then K{a,n), does not have the Sendov property, either.
Proof of Proposition 1
Let us fix 0 < a < 1 and n > 6. Let ZQ be any of the critical points of / and let |ZQ| =6 and argzo = ¡3. From the equality f'(zo) = 0 we get 
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7T is deis increasing and tends to e 1//Q = -, while the sequence nsin ^ ^ creasing and has the same limit. So we have proved (6). Now we can back to the inequality (5). To make the left hand side of it as big as possible we choose k in such a way that |arg e(a-zo) -arg zo\ < ^. Hence This, together with (6), completes the proof of Proposition 1 for n > 6. The case n = 3,4 and 5 can be proved similarly (however it needs some technicalities) or by means of numerical calculations, so we omit the proof.
Corollaries
In connection with the Sendov Conjecture Goodman, Rahman and Ratti [4] stated the problem of finding a minimal region with the Sendov property. Sail and Twomey [9] (and independently Goodman [3] ) have specified this problem in the following way.
Describe a set S(a, n) such that i) S(a,n) contains at least one critical point of each p 6 V(a,n), ii) no proper subset of S(a,n) has property (i).
This problem seems to be rather difficult. To date, the only partial solution to it was given (in the case of n = 3) by Saff and Twomey [9] . Now, using Proposition 1, we can prove the following result.
THEOREM 1. For any n > 2 and 0 < a < 1 there exists a minimal set S(a,n). For each a and n > 3 it is not unique.
First let us formulate without a proof the following two lemmas (for detailes we refer to [2] ). Let us only mention that the first lemma is an immediate consequence of the Zorn's Lemma while the other follows from the Hurwitz Theorem [5] and some topological observations. Now we can sketch the proof of Theorem 1. The existence of the set S(a, n) follows simply from Lemma 1 and the fact that the unit disk D has the Sendov property.
To prove the second part of the statement let us fix a, 0 < a < 1, and n, n > 3. Consider the polynomial f(z) = (z n~1 + 1 )(z -a). We have / 6 V(a,n) and from Proposition 1 it follows that all its critical points ..., £ n _i lie outside the set /C(a, n). If S(a, n) were the unique one then, in view of Lemma 2, each of ..., £"_i would not belong to S(a, n) and S(a,n) would not be minimal. In the case a -0 the reasoning is similar. Thus, for n > 3, there must be at least two minimal sets, which ends the proof.
Finally let us mention that even if in the definition of S(a, n) we take into account closed and connected sets satisfying (i) the above reasoning remains valid and Theorem 1 is true.
